Einstein-Cartan gravity excludes extra dimensions 
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We show that the electron in the Riemann-Cartan spacetime with extra dimensions has a finite 
size that is much larger than the experimental upper limit on its radius. Thus the Arkani-Hamed- 
Dimopoulos-Dvali and Randall- Sundrum models of the weak/Planck hierarchy in particle physics 
are not viable if spin produces torsion according to the Einstein-Cartan theory of gravity. 
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Newton's gravitational constant in the natural system 
of units (h = c = 1) is given by G — M™ , where 
Mpi ~ 10 19 GeV is the Planck energy. The Planck energy 
is much larger than the energy scale of the electroweak 
unification A/ew ~ 10 3 GeV. Thus gravity is very weak 
compared to the other interactions. The Arkani-Hamed- 
Dimopoulos-Dvali (ADD) model explains this relative 
weakness, which is called the hierarchy problem in parti- 
cle physics, by introducing large extra dimensions If 
spacetime has n extra compact spatial dimensions of ra- 
dius R then the gravitational potential V(r) from a point 
mass m at small distances r <C R is 



V(r) 



M n+2 r n +i 



(1) 



while at large distances r ^> R it must be equal to the 
usual Newtonian potential, 



V(r) 



n/rn+2 Un r ' 



(2) 



Thus the Planck energy in this (4+n)-dimensional space- 
time, Mpi(4 +I1 ), is related to the Planck energy of the 
4-dimensional spacetime by 



Kt { t +n) R r ' 



Mpi- 
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In the ADD model there is only one fundamental energy 
scale, 



Mi 



EW 



M, 



Pl(4+n) ■ 



(4) 



Thus the radius R, which reproduces the observed Mpi, 
is given by 



R ~ io 3 °/»- 19 r 



(5) 



The value n — 1 gives the size of the compactification 
radius R ~ 10 n m, which would lead to deviations from 
Newtonian gravity at distances on the order of the size 
of the Solar System, and therefore excluded. The value 
n = 2 gives R ~ 10~ 4 m, which is on the order of current 
experimental upper limits on the distance at which new 
macroscopic forces may exist [2}. Since the electroweak 
and strong forces have been tested at electroweak scale 
distances, which are much smaller than 10 _4 m, particles 
are localized in the 4-dimensional spacetime and cannot 



propagate in the extra dimensions. As n — > 00, R 
10" 19 m. 

The Schwarzschild radius rs for a mass m in Einstein's 
general relativity (GR) is on the order of Gm. For the 
electron, rs ~ 10 _57 m. In the presence of n large extra 
dimensions (i? » rs), it is given by 0]: 



rs ~ {G n m)~ 



(G) 



where the gravitational constant G„ of the (4 + n)- 
dimensional spacetime is related to the corresponding 
Planck energy by 



1. 



Thus 



r s - (GmR n ) — . 



(7) 



(8) 



For the electron, n — 2 gives rs ~ 10~ 22 m. As n — » 00, 
rs — > 10 _19 m. While the Schwarzschild radius of the 
electron in GR is much smaller than the upper limit on 
the particle's radius ~ 10~ 22 m observed in a Penning 
trap the Schwarzschild radius of the electron in the 
ADD model is on the order of this limit, imposing strong 
constraints on the physically possible parameters of this 
model (since the size of a particle is expected to be on 
the order of its Schwarzschild radius [H}). In the nonrel- 
ativistic limit of the ADD model, the Einstein equations 
reduce to the Poisson equation AV = AnxGp, so for ob- 
jects of sizes r R, the mass density is 



mR n 



(9) 



The Planck mass M 



Pi(4+n) ~ 10 3 GeV of the (4 + n)- 
dimensional spacetime gives also the order of the theo- 
retical minimum mass of a black hole in the ADD model. 
Therefore if this model is true, the LHC, which oper- 
ates at energies on the order of 10 3 GeV, will be able to 
produce micro black holes [6|. 

The Randall-Sundrum (RS) models provide another 
scenario that explains why gravity is weak relative to the 
other interactions [7, 8]. They are based on the metric 



ds 2 = e- 2kR<t >g^dx^dx u - R 



(10) 



where k is a scale on the order of the Planck scale, 

is the metric tensor of the 4-dimensional subspace of this 
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5-dimensional warped spacetime, and £ [0, 7r] is the 
coordinate for an extra dimension of size R. The Planck 
energy in the 5-dimensional spacetime, M P1 ( 5 ), is related 
to the Planck energy of the 4-dimensional spacetime by 



AL 



pi 



M 3 

Pl(5) ^ _ e -27rfefl^ 



(11) 



In the RS model with a small extra dimension Q, the 
Standard Model fields are localized on the brane at <\> = 
7r, so the warp factor w — e* kR — 10 16 . The effective 
4-dimensional metric tensor is conformally related to 
9^u by 



9^ 



from which a field with the fundamental mass parameter 
toq appears to have the physical mass 



e TOq. 



(13) 



If kR ~ 12 then to - 10 19 GeV gives m ~ 10 3 GeV, 
reproducing the observed hierarchy between the gravita- 
tional and electroweak energy scales. 

General relativity, which is the current theory of grav- 
itation, has been confirmed by many experimental and 
observational tests [9j. However, this theory has one 
problematic feature - the appearance of curvature sin- 
gularities, which are points in spacetime where the den- 
sity of matter and curvature are infinite and thus the 
laws of physics break down. The Einstein-Cartan (EC) 
theory of gravity naturally extends GR to include mat- 
ter with intrinsic spin, which produces torsion, providing 
a more complete account of local gauge invariance with 
respect to the Poincare group. It is a viable theory of 
gravity, which differs significantly from GR only at den- 
sities of matter much larger than the density of nuclear 
matter, and thus it passes all the experimental and ob- 
servational tests of GR. In this theory, the curvature of 
the Riemann-Cartan spacetime, represented by the Ein- 
stein tensor Gi k , is related to the matter distribution, 
represented by the energy-momentum tensor Ti k via the 
first Einstein-Cartan equation [Io| : 

G ik = 8nGT lk - + 2S (ij) l )(S\ l + 2S (M) j ) 



+4S t S k + \g lk {S m ^ + 2S^ m )(S ljm + 25y m)I ) 
-2g ik S j Sj. 



(14) 



The torsion tensor S 3 ik is related to the spin tensor s i 
via the second Einstein-Cartan equation [lOj : 



S j 



i k 



S k 6] 



-4ttG s ik J , 



(15) 



where Si is the torsion vector. In GR, the torsion tensor 
vanishes, reducing (fT4"jl to the usual Einstein equations. 

We recently showed, using the Papapetrou-Nomura- 
Shirafuji-Hayashi method of deriving the equations of 



motion for a test body from the conservation laws for 
the energy-momentum and spin tensors [Tljj , that the EC 
theory prevents the formation of singularities if matter 
is composed of Dirac particles, i.e. quarks and leptons 
(which form all stars) The presence of torsion im- 

plies that a spinor particle in the Riemann-Cartan space- 
time cannot be a point or a system of points, otherwise 
it would contradict the gravitational field equations. In- 
stead, such a particle is an extended object whose size is 
determined by the conditions at which torsion introduces 
significant corrections to the energy-momentum tensor, 
i.e. when 8ttG Tju and the terms after it in (Tl4l are on 



the same order 12| . For a particle with mass to and spin 



(12) s, its size is on the order of the Cartan radius rc- 



— ~ G\ — 



(16) 



For the electron, rc e ~ 10 _27 m, which is much larger 
than its Schwarzschild radius ~ 10 _57 m, so the elec- 
tron (as well as the other fermions) is nonsingular. 
The Cartan density for the electron, pc e ~ m el r % e ~ 
10 51 kgm -3 , gives the order of the maximum density of 
matter composed of quarks and leptons, averting grav- 
itational singularities in the EC theory, even if a black 
hole forms. In GR, the size of a spinor particle is on the 
order of its Schwarzschild radius and such a particle is 
represented by a singular worldline. The mass density of 
a black hole in the EC theory cannot exceed pc e - This 
condition gives the order of the minimum mass of a black 
hole in the EC theory - 10 43 GeV [H, while in GR this 
mass is on the order of the Planck mass. Therefore if the 
EC theory is true, the LHC will not be able to produce 
micro black holes. 

The EC theory, as well as the ADD and RS models, 
are physically very appealing. The extra dimensions in 
the ADD and RS models explain why gravity is so weak 
relative to the other interactions and introduce only one 
fundamental energy scale, while the torsion of spacetime 
in the EC theory prevents the formation of singularities 
from ordinary matter and introduces an effective ultra- 
violet cutoff in quantum field theory at distances on the 
order of the Cartan radius of the electron. Thus combin- 
ing either the ADD or RS model with EC theory should 
result in a theory with all the above advantages. 

Since the experimental size of the electron is at least 
10 3 times smaller than the radius R of the extra dimen- 
sions in the ADD model, the mass and spin densities in 
(p~6|) must be modified, leading to 
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For the electron, n — 2 gives rc 
electron is nonsingular. As n — 



(17) 



10~ ls m > rs, so the 
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rs- The presence of torsion in the ADD model im- 
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plies that the size of the electron must be on the or- 
der of KT 19 - lCr 18 m, which is at least ~ 10 3 times 
larger than the experimental upper limit on its radius 
(ij. Therefore large extra dimensions and torsion pro- 
duced by spin are incompatible: the EC theory of gravit 
excludes large extra dimensions and the ADD model [1 
of the weak/Planck hierarchy excludes torsion. 

In the RS model with a small extra dimension, the 
electron corresponds to a Dirac field with the funda- 
mental mass moe = e R m e ~ 10 13 GeV. Substituting 
this mass into (fTT)) with n = 1 and R ~ 10 _33 m gives 
r coe ~ 10 _33 m, which is the Cartan radius in the fun- 
damental 5-dimensional theory. The correspoding Car- 
tan radius observed in the 4-dimensional spacetime is ob- 
tained by the conformal scaling, 



(18) 



which gives rc e = rco e ~ 10 m. This result 
agrees with the Cartan radius obtained from (fl7|) with 
to = TO e for the ADD model with n = 1. This agree- 
ment is consistent with the relation between large ex- 
tra dimensions in [l[ and exponential determination of 
the weak/Planck hierarchy [13(. The Schwarzschild ra- 
dius for the electron in the RS model observed in the 
4-dimension al sp acetime is given by JH} with the confor- 



mal scaling 14j: rs e ~ w(GwmR) 1 / 2 ~ 10 22 m, as in 



the ADD model with n — 1. Thus the electron is non- 
singular in the EC+RS model, rp e > rs e . The presence 
of torsion in the RS model implies that the size of the 
electron must be on the order of 10 _17 m, which is ~ 10 s 
times larger than the experimental upper limit on its ra- 
dius Therefore small extra dimensions and torsion 
produced by spin are also incompatible: the EC theory 
of gravity excludes small extra dimensions and the RS 
model of the weak/Planck hierarchy excludes torsion. 

If kR = 12 [3] then the Cartan radius of the elec- 
tron in the RS model depends on the size of an extra 
dimension R according to 



rce 



£V4 e 9*e 1() -29 



where 



R 
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(19) 



(20) 



least that spin cannot produce torsion. Any signal show- 
ing that spin produces torsion would indicate that extra 
dimensions do not exist. Since including intrinsic spin as 
another source of the gravitational field and requiring a 
complete account of local gauge invariance with respect 
to the Poincare group naturally generalize GR into the 
EC theory, the latter is probably a more fundamental 
theory of gravity, especially that it also prevents the for- 
mation of singularities from matter and introduces an 
effective ultraviolet cutoff in quantum field theory. In 
this case, the ADD and RS models of extra dimensions 
cannot be viable. 



[9] 
[10] 



If R is larger than 10 m then rc e is larger than 10 m. r^Q 
For very large R, as in [8], rc e significantly exceeds the 
experimental upper limit on the radius of the electron 
4]. Thus the RS model with an infinite fifth dimension 
8j cannot be valid if spin produces torsion according to 
the EC theory of gravity. 

To conclude, we found that the ADD and RS models 
of the weak/Planck hierarchy cannot be combined with 
the EC theory gravity in which spin of matter produces 
torsion of spacetime. Any signal showing that extra di- 
mensions exist would indicate that torsion vanishes or at 
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